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Abstract 



We carry out analysis and geometry on a marked configuration space over a 

Riemannian manifold X with marks from the space M+ as a natural generalization of 
the work [J. Func. Anal. 154 (1998), 444-500]. As a transformation group © on Q,^ 
we take the "lifting" to f2 x + of the action on X x R + of the semidirect product of the 
group Diffo(X) of diffeomorphisms on X with compact support and the group of 
smooth currents, i.e., all C°° mappings of X into M+ which are equal to one outside a 
compact set. The marked Poisson measure 7T5 on with Levy measure a on X x R + 
is proven to be quasiinvariant under the action of ©. Then, we derive a geometry on 
Q x by a natural "lifting" of the corresponding geometry on X x R + . In particular, we 
construct a gradient V fi and divergence div^. The associated volume elements, i.e., all 
probability measures /j, on with respect to which V and div become dual operators 
on L? (f^ + ; fj,) are identified as the mixed Poisson measures with mean measure equal to 
a multiple of a. As a direct consequence of our results, we obtain marked Poisson space 
representations of the group © and its Lie algebra q. We investigate also Dirichlet forms 
and Dirichlet operators connected with (mixed) marked Poisson measures. In particular, 
we obtain conditions of ergodicity of the semigroups generated by the Dirichlet operators. 
A possible generalization of the results of the paper to the case where the marks belong 
to a homogeneous space of a Lie group is noted. 
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Introduction 



In recent few years, stochastic analysis and differential geometry on configuration 
spaces have been considerably developed in a series of papers by S. Albeverio et al. 
[2-5], see also [26]. It has been shown that the geometry of the configuration space 
Fx over a Riemannian manifold X can be constructed via a simple "lifting proce- 
dure" and is completely determined by the Riemanian structure of X. The mixed 
Poisson measures appeared to be exactly "volume elements" corresponding to the 
differential geometry introduced on Fx- Intrinsic Dirichlet forms an operators, their 
canonical processes, Gibbs measures on configuration spaces, integration by parts 
characterization of canonical Gibbs measures, stochastic dynamics corresponding to 
Gibbs measures as well as many other problems were treated in the above framework. 

A starting point for this analysis, more exactly, for the defmtion of differentiation 
on the configuration space, were the representation of the group of diffeomorphisms 
Diff (A) on X with compact support that was constructed by A. M. Vershik et al. 
[31] (see also [25, 27, 12]) and the fact, following from the Skorokhod theorem, that 
the Poisson measure is quasiinvariant with respect to the group Diff (X). 

On the other hand, starting with the same work [31], many researchers consider 
representations also on marked (or compound) Poisson spaces. At the same time, 
in statistical mechanics of continuous systems, marked Poisson measures and their 
Gibbsian perturbations are used for the description of many concrete models, see 
e.g. [1]. Hence, it is natural to ask about geometry and analysis on these spaces. 
The first work in this direction was the paper [19], in which, just as in the case of the 
usual Poisson measure, the action of the group Diffo(A) was used for the definition 
of the differentiation. However, this group proved to be too small for reconstructing 
mixed marked Poisson measures as "volume elements," which means that Diff (AT) 
is to be extended in a proper way. 

Let us recall that the configuration space T x is defined as 

Tx := { 7 C X | #(7 fl K) < 00 for each compact K C X }, 

where #(•) denotes the cardinality of a set. Then, the marked configuration space 
fix over X with marks from, generally speaking, a manifold M is defined as 

Q% := {( 7 ,m) I 7 G Tx, m G M 7 }, 

where M 7 stands for the set of all maps 73x1-^ m x G M. Let a be a Radon 
measure on X x M such that a(K x M) < 00 for each compact K C X and a is 
nonatomic in X, i.e., cr({x} x M) = for each x G X. Then, one can define on fix 
a marked Poisson measure ir$ with Levy measure a. 

Of course, one could consider as a usual Poisson measure on the configuration 
space T X xM over the Cartesian product of the underlying manifold X and the space 
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of marks M, and study the properties of this measure using the results of [2-5]. 
However, such an approach does not distinguish between the two different natures 
of X and M and the different roles that these play in physics. Thus, our aim 
is to introduce and study such transformations of the marked configuration space 
which do "feel" this difference and lead to an appropriate stochastic analysis and 
differential geometry. 

In this paper, we will be concerned with the model case where the space of marks 
M is just R + . In our forthcoming papers [16, 17], we will generalize our results to 
the case where M is a homogeneous space of a Lie group and the marked Poisson 
measures are replaced with Gibbs measures of Ruelle-type on Q x + (compare with 
[5,21]). 

Let denote the group of smooth currents, i.e., all C°° mappings X 3 x \— > 
9(x) G IR+ which are equal to one outside a compact set (depending on 9). We 
define the group as the semidirect product of the groups Diff (X) and for 
9i = (^iA) and g 2 = (^2 A), where Vi,"02 G Diff (X) and 9 1} 9 2 G M*, the 
multiplication of g\ and g 2 is given by 

9\9i = (V'i ° ^2, d 1 {9 2 o ipi 1 )). 

The group acts in X x M + as follows: for any g — (ip, 6) G 

IxI + 9 (x, s) ^ g(x, s) = (ip(x), 9(ip(x))s) EX xR + . 

Since each u G f2 x can be interpreted as a subset of X x 1R + , the action of (J5 
can be lifted to an action on Q x + . The marked Poisson measure ix„ is proven to be 
quasiinvariant under it. Thus, we can easily construct, in particular, a representation 
of in L 2 (tt 5 ). 

We note that the groups of smooth (as well as measurable and continuous) 
currents are classical objects in representation theory, see e.g. [30, 8, 9, 32, 12] 
and references therein for different representations of these groups. It should be 
stressed, however, that our representation of is reducible, because so is the regular 
representation of in L 2 (a) (see subsec. 3.5 for details). 

Thus, having introduced the action of the group on Q x + , we proceed to derive 
analysis and geometry on Q x + in a way parallel to the work [4] , dealing with the usual 
configuration space Fx- In particular, we note that the Lie algebra g of the group 
is given by g — Vo(X) x C£°(X), where Vo(X) is the algebra of C°° vector fields on 
X having compact support and C^°(X) is the algebra of C°° functions from X into 
H. with compact support. For each (v, a) G g, we define the notion of a directional 
derivative of a function F: Q x + — > R along (v, a), which is denoted by ^F. We 

obtain an explicit form of this derivative on a special set J r C^'(T),il x + ) of smooth 
cylinder functions on Q x + , which, in turn, motivates our definition of a tangent 
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bundle T(Q X + ) of Q x + , and of a gradient V n F. We note only that the tangent 
space T W (Q X + ) to the marked configuration space at a point uj = (7, s) G 
is given by 

T^+):=L 2 (X^T(X)+M; 7 ). 

Next, we derive an integration by parts formula on , that is, we get an explicit 
formula for the dual operator div Q of the gradient V n on tt x + . We prove that the 
probability measures on il x + for which V n and div n become dual operators (with 
respect to (•, •) r + ) are exactly the mixed marked Poisson measures 




where v is a probability measure on R + (with finite first moment) and tt z ^ is the 
marked Poisson measure on with Levy measure za, z > 0. This means that the 
mixed marked Poisson measures are exactly the "volume elements" corresponding 
to our differential geometry on Q x + . 

Thus, having identified the right volume elements on Q x + , we introduce for each 
measure \i v $ the first order Sobolev space H^' 2 (Vl 1 ^ , fi^) by closing the correspond- 
ing Dirichlet form 

E*_ (F, G) = (V n F, V Q G) T{ ^ +) dn„ ra , F,G E TC^ (2), , 

on L 2 (fi^ + , ii v $). Just as in the analysis on the usual configuration space, this is 
the step where we really start doing generic infinite dimensional analysis. The cor- 
responding Dirichlet operator is denoted by H^_; it is a positive definite selfadjoint 

operator on L 2 (Q X + , 7x^5) . The heat semigroup (exp(— tH^_)} generated by it is 
calculated explicitly. The results on the ergodicity of this semigroup are absolutely 
analogous to the corresponding results of [4]. Particularly, we have ergodicity if and 
only if fi u ^ = 7r z z for some z > 0, i.e., is a (pure) marked Poisson measure. 

We also clarify the relation between the intrinsic geometry on fi x we have 
constructed with another kind of extrinsic geometry on Q x + which is based on fixing 
the marked Poisson measure and considering the unitary isomorphism between 
L 2 (f^ + ,7rgf) and the corresponding Fock space 

00 

T[L 2 [X x R+;a)) = 0£ 2 ((X x R + ) n , n\ a® n ), 

n=0 

where L 2 ((X x R+) n , n\ a® n ) is the subspace of symmetric functions from 
L 2 ((X x R + ) n , n\ a® n ). Our main result here is to prove that is unitarily equiv- 
alent (under the above isomorphism) to the second quantization operator of the 
Dirichlet operator H~ + on the L 2 (X x K + ;a) space. 
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As a consequence of the results of this paper, we obtain a representation on the 
marked Poisson space L 2 {ti^) not only of the group (5, but also of its Lie algebra q. 

Finally, we note that one can construct in a natural way a bijection between the 
marked configuration space £l x + and the "compound configuration" space Vt x over 
X defined as 

fix = MO = J2 Sx£x ^ I 7 e r x , Sj. e 

The image of the marked Poisson measure under this bijection is the compound 
Poisson measure on Q x . So, all results of this paper can be easily reformulated in 
terms of compound Poisson measures. 



1 Marked Poisson measures 



1.1 Marked configuration space 

Let X be a connected, oriented C°° (non-compact) Riemannian manifold. The 
configuration space T x over X is defined as the set of all locally finite subsets in X: 

T x := { 7 C X | #(7 ni^)<oo for each compact K C X }, 

where #(0 denotes the cardinality of a set. One can identify any 7 G V x with the 
positive integer-valued Radon measure 

J2^eM p (X)cM(X), 

xe-y 

where J2 xe0 s x '■= zero measure and M(X) (resp. M P (X)) denotes the set of all 
positive (resp. positive integer- valued) Radon measures on B(X). 

Let R + := (0, +00). The marked configuration space Vl x + over X with marks 
from R + is defined as 

n x + :={uj = ( 1 ,s)\ 1 eT x , seRl}, 

where stands for the set of all maps 7 3 x 1— > s x G R+. Equivalently, we can 
define as the collection of locally finite subsets in X x R + having the following 
properties: 

M+ J a) V(x, s), (x', s') G w : (x, s) ^ (x', s') =>• x ^ x' 

^ = \ WCXXI+ b)Pr x ^Grx 

where Pr x denotes the projection of the Cartesian product of X and M + onto X. 
Again, each uo G VL X can be identified with the measure 

£(x,s) e M P (X x R + ) c M(X x R + ). 

(x,a)ea; 
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It is worth noting that, for any bijection 0: X x M + — > X x R + , the image of 
the measure u;(-) under the mapping 0, (0*u;)(-), coincides with (0(o>))(-), i.e., 



where (f>(u) = {<f)(x, s) \ (x, s) G uj} is the image of uj as a subset of X x R + . 

Let £> C (X) and O c (X) denote the families of all Borel, resp. open subsets of 
X that have compact closure. Let also B C (X x 1R + ) denote the family of all Borel 
subsets of X x IR + whose projection on X belongs to B C (X). 

Denote by C ^(X x R + ) the set of real- valued bounded continuous functions 
/ on X x M + such that supp/ G B C (X x R + ). As usually, we set for any / G 
C 0;h (X x R+) and G 



Notice that, because of the definition of there are only a finite number of 

addends in the latter series. 

Now, we are going to discuss the measurable structure of the space £l x ■ We will 
use a "localized" description of the Borel a-algebra B(Q X + ) over 



(0*c)(.) = (0M)(-), 





For A G O c (A"), define 




{ uj G | Pr x uj C A } 



and for n e Z + = {0,1,2,...} 



:={^*|#( W )=«}. 



It is obvious that 



oc 



n=0 




A mk : = {((zi, si), • • • , (a?n, s„)) G A" k | ^ a; fc if j ^ fc }. 



There is a bijection 



4 n) : AV<3n~ttI» 



(1.1) 



given by 



£\ nj : ((xi,si),...,(x n ,s n )) i-> {(xi,si),...,(x n ,s n )} G fi A + (n), 



7 



where & n is the permutation group over {1, . . . , n}. On A" k / & n one introduces the 
related metric 

6[((x u si), . . . , (x n , s n )), ((a^, si), . . . , «, <))] 

= inf cP [((xi, si), . . . , (x„, s n )), («(i), 4 ( i)), • • • , « (n ), <(„)))] , 

where cP is the metric on A™ k driven from the original metrics on X and R + . Then, 
A^ k /(5 n becomes an open set in A^ k /(5 n and let £>(A™ k /(5„) be the trace a-algebra 
on A" k /(5„ generated by £>(A" k /(5 n ). Let then B(Q A + (n)) be the image a-algebra 
of £>(A" k /6 n ) under the bijection and let i3(fi^ + ) be the a-algebra on 
generated by the usual topology of (disjoint) union of topological spaces. 
For any A G O c (X), there is a natural restriction map 

p A : tt x + i-> Q 

defined by 

Q x + 3 uj i— > Pa(c<j) :=wfl A mk G f2 A + . 

The topology on f2 x is defined as the weakest topology making all the mappings 
Pa continuous. The associated a-algebra is denoted by B(VL X ). 

For each B G B C (X x R+), we introduce a function N B : tt x + -> Z+ = {0, 1, 2, . . . } 
such that 

Nb(uj) := i^{oo l~l -B), ^GftJ + . (1.2) 

Then, it is not hard to see that £>(f2^ + ) is the smallest cr-algebra on Q x + such that 
all the functions Nb are measurable. 



1.2 Marked Poisson measure 

In order to construct a marked Poisson measure, we fix: 

(i) an intensity measure a on the underlying manifold X, which is supposed to 
be a nonatomic Radon one, 

(ii) a non-negative function 

X x B(R + ) 3 (x, A) i-> p(x, A) G K+ 

such that, for cr-a.a. x G X, p(x, •) is a finite Radon measure on R + . 
Now, we define a measure 5 on (I x R + , B(X x R + )) as follows: 

a(A) = J p(x,ds)a( y dx), A G B(X x R + ). (1.3) 
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We will suppose that the measure a is infinite and for any A G B C (X) 

5(A mk ) = / l A (x)p(x,R+) a(dx) < oo, (1.4) 



i.e., p(x,R+) G L\ oc (o). 

Now, we wish to introduce a marked Poisson measure on (cf. e.g. [15, 14]). 
To this end, we take first the measure a® n on (X x R + ) n , and for any A G O c (X), 
a® n can be considered as a finite measure on A" k . Since a is nonatomic, we get 
a® 2 (D K ) = 0, where 

D\ = { ((xi, si), (x 2 , s 2 )) G A^ lk | xi = x 2 } = { (x 1 ,x 2 ) G X 2 | xi = x 2 } x M+. 

Therefore, 

and we can consider a® n as a measure on (A" k /6 n , £>(A" k /6 n )) such that 

* m (KJ&n) = ?(A mk )". 

Denote by crA,n '■= <7® n o(£^) _1 the image measure on (n) under the bijection 
(1.1). Then, we can define a measure A~ on by 



oo 

1 



n! 

71=0 



where a Ai o := e on ft? + (0) = {0}. The measure A~ is finite and A£ = e a{A ^ . 
Hence, the measure 

is a probability measure on B(Q A + ). It is not hard to check the consistency property 
of the family {n~ | A G O c (X)} and thus to obtain a unique probability measure 7T? 
on B(Q X + ) such that 

n£=pto, AeO c (X). 

This measure ti„ will be called a marked Poisson measure with Levy measure a. 

For any function ip G Co,b(A" x R+), it is easy to calculate the Laplace transform 
of the measure 



4~» := / R e<«^> it~ a {dw) = exp / (e^ - 1) a(dx, ds) ) . (1.5) 
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Particularly, if Cq(X) denotes the space of continuous functions on X with compact 
support, we obtain, for each u G Cq(X) such that u(x) < for cr-a.a. x G X, 



L n~S U ) ■ = I „ eX P [(SU,UJ)] TTa(dw) 

Jnl+ 



Jil x 1 xe-r 



7Taf(d(7,s)) 



exp 



This formula is also sufficient to define 715. 

Example 1. Let p(x, •) = £i(-), x G X. Then, a = a ® E\ and 715: is just the 
Poisson measure on (Fx, B(Tx)) with intensity a. 

Example 2. Let p(x, •) = r(-), x G X, where r is a finite measure on (R + , £>(R+)). 
Now, a = a = a ® r and ir$ coincides with the marked Poisson measure under con- 
sideration in [19]. Notice that the choice of a = a as a product measure means a 
position-independent marking, while the choice of a general a of the form (1.3) leads 
to a positive-depending marking. 

In what follows, we will suppose that the measure a is equivalent to the Rieman- 
nian volume m on X: a(dx) = p{x)m(dx) with p > m-a.s., and that for m-a.a. 
x G X p(x, •) is equivalent to the restriction of the Lebesgue measure to K+, denoted 
by A: 

p(x, ds) = p(x, s) X(ds) with p(x, s) > A-a.a. s G R+. 
Thus, the measure a can be written in the form 

a(dx, ds) = p(x)p(x, s) X(ds)m(dx). 

The condition cr(A mk ) < 00, A G B C (X), implies that the function 

q(x,s) := p(x)p(x,s) 

satisfies 

Q 1/2 e Lf oc (X; m) ® L 2 (R + ; A). (1.6) 
We will suppose additionally that the following stronger condition is fulfilled: 

( max{l, s}q(x, s)) 1/2 G L 2 loc (X- m) ® L 2 (M + ; A). (1.7) 
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2 Transformations of the marked Poisson mea- 
sure 



2.1 Group of transformations of the marked configuration 
space 

We are looking for a natural group (3 of transformations of Q x + such that 

(i) ix a is (25-quasiinvariant; 

(ii) <5 is big enough to reconstruct 7Tj by the Radon-Nikodym density — — -, 

where g runs through (3. 

Let us recall that in the work [19] the group Diff (X) was taken as 0, just in the 
same way as in the case of the usual Poisson measure [4]. Here, Diff (X) stands for 
the group of diffeomorphisms of X with compact support, i.e., each ip e Diff (X) is 
a diffeomorphism of X that is equal to the identity outside a compact set (depending 
on ip). The group Diffo(X) satisfies (i). However, unlike the case of the Poisson 
measure, the condition (ii) is not now satisfied, because, for example, in the case 
where a = a <g> r, there is no information about the measure r that is contained in 
<Wn* rio1 

see [19] - 

This is why we need a proper extension of the group Diffo(X). Let us consider 
the group of smooth currents, i.e., all C°° mappings 

X 3 x ^ B(x) e R+, 

which are equal to one outside a compact set (depending on 9). A multiplication 
9 X 9 2 in this group is defined as the pointwise multiplication of mappings 9i and 9 2 . 
In representation theory this group is denoted by R+, or C^°(A A ;R + ). 

The group Diff (X) acts in by automorphisms: for each ip e Diff (X), 

R* 3 9 A a(4))9 :=9o ^ l e R+ . 

Thus, we can endow the Cartesian product of Diff (X) and R+ with the following 
multiplication: for g x = (^1,^1), 92 = (^2,d 2 ) G Diff (X) x R^ 

9i92 = (ipi ° ih, 0i{9 2 o ip^ 1 )) 

and obtain a semidirect product 

Diff (X) xlf=:6 

a 

of the groups Diff (X) and R* 
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The group (J5 acts in X x M + in the following way: for any g = (ip,9) G & 

X xR + 3 (x, s) ^ g(x, s) = {ip{x), 6(i/;(x))s) 6lxl + . (2.1) 

If id denotes the identity diffeomorphism of X and 1 is the function identically equal 
to one on X, then we will just identify ip with (ip, 1) and 9 with (id, 9). The action 
(2.1) of an arbitrary g = (ip, 9) can be represented now as 

(x,s) i-> g(x, s) = 9ij)(x, s), 

where 

ip(x,s) = (ip(x),s), 
9(x, s) = (x, 9(x)s). 

For any g = (ip,9) G <3, denote K g := U K e , where and K e are the 
minimal closed sets in X outside of which ip = id and 9 = 1, respectively. Evidently, 

K g G B C (X), 

and g is the identity transformation outside (K g ) mk . 
Noting that 

g-\x, s) = (^ 9)-\x, s) = ($-\ 9- 1 o if>)(x, s) = (^(x), 9-\x)s), 
we easily deduce the following 

Proposition 2.1 The measure a is <3-quasiinvariant and for any g = (if), 9) G (5 
the Radon-Nikodym density is given by 

~ d{g*a) q(ip- 1 (x),e- 1 (x)s) ^ 

Pg{x,s) := (x, s) = — — J*(x), 

3 da q{x,s)9{x) 

if (x, s) G {0 < q(x, s) < oo} n {0 < q(ip~ l (x), 9~ l (x)s) < oo}, 
k Pg(x, s) = 1, otherwise, 

where is the Jacobian determinant of ip (w.r.t. the Riemannian volume m). 

2.2 0-quasiinvariance of the marked Poisson measure 

Any g G <& defines by (2.1) a transformation of X x R + , and, consequently, g has 
the following "lifting" from X x R + to Vt\ + : 

3 u ^ g(w) = { g(x, s) | (x, s) G to } G (2.2) 

(Note that, for a given u G di^) indeed belongs to and coincides with uj 
for all but a finite number of points.) The mapping (2.2) is obviously measurable 
and we can define the image g*7T„ as usually. The following proposition is an analog 
of a corresponding fact about Poisson measures. 
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Proposition 2.2 For any g G (5, we have 

Proof. The proof is the same as for the usual Poisson measure 7i a with intensity a 
and (j) G Diff (X) (e.g., [4]), one has just to calculate the Laplace transform of the 
measure g*n^ for any / G C ,b(X x R + ) and to use the formula (1.5). ■ 

Proposition 2.3 The marked Poisson measure ir^ is quasiinvariant w.r.t. the group 
(3, and for any g G (25 we have 

^(«>= n #*.»>■ 

Proof. By Proposition 2.1, the measures g*a and are equivalent for each g G C5. 
To apply the Skorokhod theorem on absolute continuity of Poisson measures, we 
have to check the integrability condition 

^-ia 2 (Ixl + ;5), 

or the more restrictive one 

f g - 1 G L\X x R + ;a) 
(see, e.g., [28, 29]). But the change of variables formula gives 

/ \pg(x, s) — l\a(dx : ds) — / \p g r (x,s) — l\a(dx,ds) 

JXxR+ J(K g ) mk 



< 2a{(K g ) mk ) < oo. 

Hence, — - — — is equal to the right hand side of (2.3) multiplied by the factor 
dnz 



exp 

Finally, noting that 



/ (1-Pg(x,s))a(dx,ds) 

JXxR+ 



L 



[1 — Pg(x : s)) a{dx, ds) — I (1 — p a g {x, s)) a{dx, ds) 



XXR+ A^slmk 

= v((K g ) mk )-a((K g ) mk ) = 0, 

we conclude the proposition. ■ 

Remark 2.1 Notice that only a finite (depending on uj) number of factors in the 
product on the right hand side of (2.3) are not equal to one. 
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2.3 Transformations of compound Poisson space and quasi- 
invariance of compound Poisson measures 

Let us recall that the "compound configuration" space fix over X is defined as 
follows (see e.g. [20, 19]): 

fix := {v(-) = s ^(-) \ier x , Sx e R+}. (2.4) 

Notice that, for any v G fix, 

{(x, s x ) | x e 7} = (7, s) = u e fl x + , (2.5) 

where the function s G is defined by s(x) = s x , x G 7. 

Any v G tlx is a Radon measure on (X, B(X)). Hence, fix can be equipped 
with the Borel measurable structure as a subset of M.(X) with the vague topology. 
Moreover, for any u G C (X), we have 

(u, v) = ^^s x u(x) = (su,u) 

xe-y 

with uj of the form (2.5). Thus, the measurable space (fix, B(flx)) is nothing but the 
image of the marked configuration space (fl x + , B(fl x + )) under the transformation 

fl x + 3 to h+ (Jw)(.) = J2 s M')^^x, (2.6) 

(x,s x )eu> 

which determines a one-to-one correspondence between fi x + and fix- This is why 
the group (5 generates the group (5 = {g = TgT~ x \ g G 65} of measurable transfor- 
mations of the "compound configuration" space fix- 

For our fixed measure a on X x R + , we define a compound Poisson measure /i~ p 
as the image of the marked Poisson measure under the transformation (2.6), i.e., 

^:=Tn~ a . (2.7) 

This definition generalizes evidently the corresponding one from [20, 19] (compare 
with Example 2; in particular, fi^xr coincides with the from [19]). 

Thus, by using the bijection (2.6) and the definition (2.7), all results of this paper 
can be easily reformulated in terms of the compound Poisson space (fix, B(flx), ^ F )- 
For example, we deduce from Proposition 2.3 the (25-quasiinvariance of the compound 
Poisson measure. Namely, the following statement holds. 
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Proposition 2.4 The compound Poisson measure /z~ p is quasiinvariant with re- 
spect to the group (5, and for any g G (5 



CP^ 



v)= n pjfoa). (2.8) 



d«5 p 

Proof. By Proposition 2.3, for any g G 0, <?*7Tg: ~ 715 and the Radon-Nikodym 
derivative has the form (2.3). Since X is a bijection, the equality (2.7) yields that, 



for any g G C5, g*H~ p ~ /i~ p , and the value of - C p at a point v G fix coincides 



with the value of — — - at the point u = 1 l v. H 

Remark 2.2 Setting in (2.8) a = a x r and g* = J(^>, 1)Z -1 , one obtains as a 
consequence of Proposition 2.4 the result of Proposition 2.8 from [19]. 



3 The differential geometry of marked configura- 
tion space 

3.1 The tangent bundle of 

Let us denote by Vq(X) the set of C°° vector fields on X (i.e., smooth sections of 
T(X)) that have compact support. Let also C£°(X) stand for the set of all C°° 
functions from X into M that have compact support. Then, g := V (X) x C™(X) 
can be thought of as a Lie algebra that corresponds to the Lie group (5. More 
precisely, for any fixed v G Vo(X) and for any x G X , the curve 

R3t^ $(x) G X 

is defined as the solution of the following Cauchy problem 

!*<*)=»«?(*)), (3 . 1} 
V>o(z) = x. 

Then, the mappings t G M} form a one-parameter subgroup of diffeomorphisms 
in Diffo(X) (see, e.g., [7]): 

l)Vt G R ^ G Diff (X), 
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Next, for each function a G C£°(X), we define 

e a t = 6 a t (x) := e ta{x) G 



and {0", t G IR} form a one parameter subgroup of R+. 

Thus, we can consider, for an arbitrary (y, a) G 0, the curve 0°), t G M} in 

(3. (Notice that this curve does not form a subgroup of (25.) Hence, to any u G 
there corresponds the following curve in Q x + : 

R3t^ (^,e?)u ett x + . 

Define now, for a function F : — » R, the directional derivative of F along (v, a) 

as 

(Vj, a) F)M :=^F((^,^>)L 



provided the right hand side exists. We will also denote by and the directional 
derivatives along (v,0) and (0, a), respectively. 

Absolutely analogously, one defines for a function ip: X x R + — > K. the direc- 
tional derivative of </? along (t>, a): 

(Vf^»(x, S ) = ^(^A a )(M)L - (3-2) 

Then, for a continuously differentiable function ip, we have from (2.1), (3.1), and 
(3.2) 

+ ^^(x),6?W(x)) a ) |e ta WW) s | t=o 

= (V^s),^.^) + S ^W( a; ),C«W)^ t *" (l)) x 

x(a(^(x))+t(V x a«( 3 ;)),t;(^(a;))) T ^ w(x) )| t=0 

d 

= (V x (f(x, s),v(x)) Tx(x) + s-^tp(x, s ) a ( x ) 

= (V XxR ^(x, s), (v(x), a(x)))T M( ixi +) . (3.3) 



Here, 
and 



T M (ixi + ) :=t;(x) + : 
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where V x denotes the gradient on X and 

OS 

Let us introduce a special class of "nice functions" on Q x . We will say that a 
function </? : X x M + — > H. is a C^-function on X x M + if it is C°° with respect to the 
gradient V x and the usual derivative in s. Denote by D the set of all C°°-functions 
(p on X x R + with support from B C (X x R + ) such that (p and all its derivatives are 
bounded and moreover the following estimate holds for all n G N 

-<p(x,s) <C n , ip (max{l,s})- n . (3.4) 



ds 



Next, let C^°(R Ar ) stand for the space of all C°°-functions on M. N which together 
with all their derivatives are bounded. Then, we can introduce ^ r C~(2), as 
the set of all functions F : Vt x i— > ffi. of the form 

F(w) = 0f((<Pi,w),--.,(<Pjv,w)), ^GfiJ + , (3.5) 

where (pi,...,(p N G D and # F G C7g°(R JV ) (compare with [4]). FC%>{p, tt x + ) will 
be called the set of smooth cylinder functions on . 

For any F G JFC£°(3), °f the f° rm (3-5) and a given (f , a) G £j, we have, 

just as in [4], 

= g F (( Vl o (r t , fl?), w>, . . . , (tp N o ($\ 0?), w», 

and therefore 

(Vg >o) F)H = £ §^«¥>i, w>, • • • , <^v, ^))(V™>„ w >. (3.6) 

j=l 3 

In particular, we conclude from (3.6) that 

Vf V)<l )=V? + V° (3.7) 

The expression of V" a ^ on smooth cylinder functions motivates the following 
definition. 

Definition 3.1 The tangent space T^ffi^") to the marked configuration space 
at a point cu = (7, s) G is defined as the Hilbert space 

T^+) : = L 2 (X^T(X)+M; 7 ) 

= L 2 (X -> T(X); 7) © L 2 (X -> R; 7) 



17 



with scalar product 




where V^,V^ G T w (fi R+ ) and V u {x)t x {x) and K;(^)r denote the projection of 
V w (x) G T X (X) + R onto T^X) and R, respectively. The corresponding tangent 
bundle is 

r(nf)= |J r w (n£). 

As usual in Riemannian geometry, having directional derivatives and a Hilbert 
space as a tangent space, we can introduce a gradient. 

Definition 3.2 We define an intrinsic gradient of a function F: Q x + — > R as a 
mapping 

3 ^ (V n F)H G r u (nf) 

such that, for any (v, a) G 0, 

(Vj, a) F)M = ((V n F)(u),(v,a)) T ^ nl+ y 

By (3.6) and (3.3) we have, for an arbitrary F G TC^ (D, of the form (3.5) 
and each u = (7, s) G 



iV 




x G 7. (3.9) 



Remark 3.1 The operator s-j^ relates to a representation of the group of dilations 
in L 2 (R+) (cf. e.g. [11]). Namely, for any 9 > 0, we put 

L 2 (R + ) 3 /(•) ^ G L 2 (R + ). 

Setting here 0" := e at , a G R, t G R, we obtain 

J t f (^Lo = s f'( s ) a =■ (^/)(*) = (V^/,a) R . (3.10) 
It is easy to verify that the following operator equality holds: 

v R + = S C V R S C \ 

where the mapping 

C 1 (R)3f^S c f:=foCeC 1 (R + ) 
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is the isomorphism generated by the bijection R + 3 s i— > Cs = logs G R. Notice 
that, if W/; is the unitary between the spaces L 2 (R) and L 2 (R + ) generated by C, i.e., 
if 

(Ucf){s) := , /ei 2 (l) )S £K + , 

V s 

then UcV^-U^ 1 coincides with V R + + \l. 

Finally, we note that the condition (3.4) means, in fact, that an R + -derivative 
of an arbitrary order of a function from D belongs again to D. 

3.2 Integration by parts and divergence on the marked Pois- 
son space 

Let the marked configuration space Q x be equipped with the marked Poisson mea- 
sure Hz, and in addition to the condition (1.7) we will suppose that 

v /^G# 1 ' 2 (XxR + ). (3.11) 

Here, Hq 2 (X x R + ) denotes the local Sobolev space of order 1 constructed with re- 
spect to the gradient V XxM + in the space L 2 oc (X; m) <g> L 2 (R + ; A), i.e., H]' 2 (X x R + ) 
consists of functions / defined on X x R + such that, for any set A G B C (X x R+), 
the restriction of / to A coincides with the restriction to A of some function ip from 
the Sobolev space H 1,2 (X x R + ) constructed as the closure of D with respect to the 
norm 

d 2 



Xxl 



V^lli,2 : = /__ _ (IV (p(x,s)\ Tx{x) + s —tp{x,s) +\<p(x,s)\ jm(dx) X(ds). 



The set JFC^°(2), is a dense subset in the space 

L 2 (Qf,B({f x + ),7i~ a ) =: L 2 (n~ a ). 

For any (v,a) G g, we have a differential operator in L 2 (tt^) on the domain 
FC^(V,Q X + ) given by 

FC?(V,n x + ) 9Fh Vf„ >a) F G L 2 (vr,). 

Our aim now is to compute the adjoint operator V^* a ) in L 2 {ji^). It corresponds, of 
course, to an integration by parts formula with respect to the measure 7Tj. 
But first we present the corresponding formula on X x R + . 

Definition 3.3 For any (v, a) G Q, the logarithmic derivative of the measure a 
along (v, a) is defined as the following function on X x R + : 

P(v,a) := Pv + Pa 
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with 



q(x,s) 

7 \ - ^(g)) + div x t;(x), 

div x = div^ being the divergence on X w.r.t. m, and 

s-K-q(x,s) . . . . Sjrp(x,s) . . 
/£ s) = da ; K \ ' a(x) + a(x) = a f V ' ' a(x) + a(x). 
q(x,s) p(x,s) 

Upon (3.11), we conclude that, for each (v,a) G g, the function V^*^ + logg is 
quadratically integrable with respect to the measure a on any A m k G B$(X x M + ). 
Therefore, taking to notice that <r(A m k) < oo, we conclude that each function fi° va y 
(v, a) G 0, is absolutely integrable on every A m k with respect to a. 

Lemma 3.1 (Integration by parts formula on X x R + ) For all ip 1: ip 2 G 3D, 
we have 



/ (V? v ^ + <Pi)(x,s)(p 2 (x,s)cr(dx,ds) = 

JXxR+ 

<Pi(x, s)(Vf v x ^ + ip 2 )(x, s) a(dx, ds) 

'XxR + 

- / ip 1 (x,s)cp 2 (x,s)P^ a) (x,s)a(dx,ds). 

JXxM.4- 



Proof. Since /3% is exactly the logarithmic derivative of the measure a along the 
vector field v, to prove the lemma it suffices to see that, for arbitrary fi, f 2 G 
C£°(R + ), a6l, and for m-a.a. x G X, we have by virtue of (1.7) 



(V^h)(s)f 2 (s)p(x,ds)= [ asf[(s)f 2 (s) P (x,s)\(ds) 

Jr + 

s=oo f d 

= af 1 (s)f 2 (s)sp(x,s) - f 1 (s)a — (f 2 (s)sp(x,s))X(ds) 

s =o J R+ ds 

h(s)(^f 2 )(s)p(x,ds)- [ f 1 (s)f 2 (s)^\s)p(x,ds). 



Here 



and we have used the formulas (3.10) and (1.7). 



20 



Definition 3.4 For any (y, a) G Q, the logarithmic derivative of the marked Poisson 
measure ir$ along (v, a) is defined as the following function on fl x + : 



A motivation for this definition is given by the following theorem. 



(3.12) 



Theorem 3.1 (Integration by parts formula) For all F,G G FCgi®, ^ + ) 
and eac/i (v, a) G g, we have 



(V^ a) F)HGH7r,(^) 



F(a;)(V^ a) G)(a;)7r ? (da;) 



or 



V(„, a ) 



/ F(c)G(c)i?5; a) (c) ^(dw), (3.13) 

(3.14) 



- V («,a) - 5 (J!a)( W 



as an operator equality on the domain TC^ (S) , ) m L 2 {tv^). 

Proof. Because of (3.7), the formula (3.14) will be proved if we prove it first for 
the operator V^, i.e., when a(x) = 0, and then for the operator V„, i.e., when 
v(x) = G T X (X) for all x G X. We present below only the proof for V„, since 
the proof for is basically the same as that of the integration by parts formula in 
case of Poisson measures [4] . 

By Proposition 2.2, we have for all a G C£°(X) 



F{6 a t {u))G{u) TTa(dw) 



F{uj)G{9 a _ t {u)) 7T0a* ? (cL;). 



Differentiating this equation with respect to t, interchanging d/dt with the integrals 
and setting t — 0, the l.h.s. becomes the l.h.s. of (3.13). To see that the r.h.s. then 
also coincides with the r.h.s. of (3.13), we note that 



d 
dt 



g(^M)U = -(v?g)M, 



and by Proposition 2.3 

d 
dt 



dn e * *z 



Ed 
Jt 

(x,s)Eu> 



d-Ko 

p(x, e~ ta ^s) 
p(x, s)e ta ^ 



t=o 



d * 1 ^ 



t=0 



t=Q 
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Definition 3.5 For a vector field 

V:U$-3u»V u eT u (S$ + ), 
the divergence div^L V is defined via the duality relation 

K+ (V^V n F(u;)} T j nl+ y~ a (duj) = - f F(u)(dW% V){u)n~ a {dw) 

x X ' 

for all F G JFC^°(D, provided it exists (i.e., provided 

is continuous on L 2 {ji^)). 

A class of smooth vector fields on Q x for which the divergence can be computed 
in an explicit form is described in the following proposition. 

Proposition 3.1 For any vector field 

N 

V u (x) = ^ G 3 M (Vj ( x ) , a j (x) ) , w G , x G X, 

3=1 

with Gj G TC^ (D, Q x + ) j i v j> a j) e 0! J = 1? • • • 5 ^> we have 

N N 

J"=l J"=l 

AT AT 

Proof. Due to the linearity of V Q , it is sufficient to consider the case N — 1, i.e., 
V w {x) = G(u>)(v(x),a(x)). By Theorem 3.1, we have for all F G FCgip, Q x + ) 

- L ^ V n F(o;)) Tu , R+) 7T,(^) = - / GHVf M F(c)7r,(^) 
= / {V%, a) G){u)F{u)K~ a {du)+ ( + G{u)F{u)Bll a) {u)K~ a {dw), 



in x 



which yields 

(di< V)(u) = Vp B>o) G(a;) + Sg o) (a;)G(a;) 
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Remark 3.2 Extending the definition of B^" in (3.12) to the class of vector fields 

v = Ef=i G i ® by 

N N 

we obtain that 

div^ • = BT°. 

In particular, if (v, a) G 0, it follows, for the "constant" vector field V u = (i>, a) on 
that 

div£>,a)(a;) = (divJ xR+ (w, a), w), 
where div? xM+ (t>, a) = /3^ a ) is the divergence of a on X x R + w.r.t. (v, a): 

/ (V XxR+ y?(x, s), (v(x), a(x))) T(x , s) (xxR+) a(dx, ds) 

JXxR + 

= — (p(x, s) ( div? xR+ (f , a)) (x, s) a(dx, ds), (pE®. 

JXxR+ 

3.3 Integration by parts characterization 

In the works [4, 5] it was shown that the mixed Poisson measures are exactly the 
"volume elements" corresponding to the differential geometry on the configuration 
space T X - Now, we wish to prove that an analogous statement holds true in our 
case of for mixed marked Poisson measures. 

We start with a lemma that describes a as a unique (up to a constant) measure 
X x R + with i 
the gradient \7 Xxl 

Lemma 3.2 Let 

V*q(x, s) 



on X x R + with respect to which the divergence div? xk+ is the dual operator of 



q(x,s) 
p(x, s) 



d_ 

ds 



p(x } s) 



G L\ oc (X x R + ; m <g> A), v G V (X), 
G L\ oc {X x R + ; m <g> A). (3.15) 



Then, for every A G O c (X) the measures za, z > 0, are the only positive Radon 
measures £ on A mk such that div? xM+ is the dual operator on L 2 {^) ofV XxR+ when 
considered with domains Vb(A) xC °°(A), resp. C^(A m k) (i.e., the set of all (v, a) G g, 
resp. <f G D with support in A, resp. Amk). 
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Proof. By using the condition (3.15), the lemma is obtained in complete analogy 
with Remark 4.1 (iii) in [5]. Indeed, let qi(x,s) and q2(x,s) be two densities w.r.t. 
m <S> A for which the logarithmic derivatives coincide. Then, we get 



h gqi (x, s) = logg 2 (:r, s), v G V (X), 
— loggi(x, s) = — logg 2 (^, s) m® A-a.s., 

OS OS 

which yields respectively 

Qi(x, s) = q 2 (x, s)c(s), 

qi(x, s) = g 2 (x, s)c(x) m ® A-a.s. 

Therefore, q±(x, s) = const g 2 (x, s) m <8> A-a.s. ■ 

Let z/ be a probability measure on i3(M + )). Then, we define a mixed Poisson 
measure as follows: 

Hv,c = / ^ v(dz). (3.16) 

Here, 7t ct denotes the Dirac measure on with mass in cu = 0. Let A^/(fi^- + ), 
/ G [1, oo), denote the set of all probability measures on (f^- + , £>(f2^ + )) such that 

/ < oo for all / G C ,b(* x R + ), / > 0. 

Clearly, fi u ^ G .Mi(f2^ + ) if and only if 

/ z l v{dz) <oo. (3.17) 
Jr + 

We define (IbP) CT to be the set of all /i G .Mi(f2^- + ) with the property that cu i— > 
(!3° va y0u) is /i-integrable for all (f , a) G g and which satisfy (3.13) with /i replacing 

for all F,G G TC^ (D, , (i>, a) G 0. We note that (3.13) makes sense only for 
such measures and that B?*, depends only on a not on ir^. Obviously, since V^*^ + 
obeys the product rule for all (v,a) G 0, we can always take G = 1. Furthermore, 
(IbP) cr is convex. 

Theorem 3.2 Let the condition (3.15) be satisfied. Then, the following conditions 
are equivalent: 

(i) fi G (IbPf ; 

(ii) n = for some probability measure v on (R + ,£>(IR + )) satisfying (3.17) with 
1 = 1. 
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Proof. The part (ii)=^(i) is trivial. In order to prove (i)=^(ii), we have to modify the 
corresponding part of the proof of Theorem 4.1 in [5]. We present this modification 
in Appendix. ■ 

As a direct consequence of Theorem 3.2, we obtain 

Corollary 3.1 Suppose that the condition (3.15) is satisfied. Then the extreme 
points of (IbP) CT are exactly n Z a, z > 0. 

3.4 A lifting of the geometry 

Just as in the case of the geometry on the configuration space, we can present an 
interpretation of the formulas obtained in subsections 3.1-3.3 via a simple "lifting 
rule." 

Suppose that / £ Co,b(A x R + ), or more generally / is an arbitrary measurable 
function on X x R + for which there exists (depending on /) A £ B C (X) such that 
supp / C A m k. Then, / generates a (cylinder) function on Q x + by the formula 

£/M := (./»> uen x + . 

We will call Lf the lifting of /. 

As before, any vector field (v , a) £ 0, 

(v(x), a(x)) £ T {XjS) (X x R + ) = T X (X) + R, 

can be considered as a vector field on £l x + (the lifting of (v , a)), which we denote by 
L(y, a y. 

L( v ,a) :{f x + 3ou = { 7 , s} » {x » (v(x), a(x))} £ T^tf/) = L\X ^ T(X)+R ; 7 ). 
For (v , a), (u>, 6) £ 0, the formula (3.8) can be written as follows: 

i.e., the scalar product of lifted vector fields is computed as the lifting of the scalar 
product 

((v(x),a(x)),(w(x),b(x))) T{xs){XxR+) = f(x). 

This rule can be used as a definition of the tangent space T w (f^ + ). 
The formula (3.6) has now the following interpretation: 

(Vf M L v )(c) = V xR +>)> e D, ^ £ nf, (3.18) 

(v,a) r 
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and the "lifting rule" for the gradient is given by 



(V%)( 7 , s):79xh V XxR +y^, **)■ (3.19) 

As follows from (3.12), the logarithmic derivative B?°, : £l x + — > R is obtained via 
the lifting procedure of the corresponding logarithmic derivative (3° v a y. X x R + — > 
R, namely, 




or equivalently, one has for the divergence of a lifted vector field: 

div £f L M = L div x ^+ (v, a). (3.20) 

We underline that by (3.18) and (3.19) one recovers the action of V" ^ and V n 
on all functions from J r C^ D [D, Q x + ) algebraically from requiring the product or the 
chain rule to hold. Also, the action of div^ on more general cylindrical vector fields 
follows as in Remark 3.2 if one assumes the usual product rule for div^o to hold. 



3.5 Representations of the Lie algebra of the group (3 

Using the (J5-quasiinvariance of ir^, we can define a unitary representation of the 
group (3 = Diff (X) x R^ in the space L?{ji^). Namely, for g E S5, we define a 

a 

unitary operator 



(V^{g)F){u) ■= F(g(u))^^^(u,), F E L 2 (vr,). 
Then, we have 

Vn s (gi)V Vs (g 2 ) = Vn-ig^), gi,g 2 e <S. 
As has been noted in the introduction, we have the following proposition. 

Proposition 3.2 The representation V n ~ of (3 is reducible. 

Proof. Let us suppose for simplicity of notations that a is a product measure: 
a = a = a ® r, r(ds) = p(s) \ (ds) (it will be seen that our proof can be generalized 
to the case of a general a without difficulties). Consider the regular representation 
of the group of dilations on L 2 {t): 



(U T (9)cp)(s) = cp(9s) J^-, 9 E R + , (p E L\r). 
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This representation is reducible (one can also easily see that it is unitarily equivalent 
to the regular representation of the additive group R on L 2 (M,), see e.g. [33]). Let TC 
be an arbitrary subspace of L 2 {r) that is invariant with respect to this representation 
and such that H ^ {0} and H ^ L 2 (t). Then, the subspace L 2 (a) <g> U of L 2 (a) is 
invariant with respect to the regular representation of the group <5 on L 2 (a): 



(VMf)(x, s) = f(g(x, s))^/^^(x, s), ge<5,fe L 2 (a). 

For a set T G B{X x R + ) denote by £>x(^x + ) the c-algebra on generated 
by the mappings N B (defined by (1.2)), where B G B C (X x R + ) and B C T. By 
definition, each i?x(^x + ) * s a sub-cr-algebra of £>(rf^- + ). It is easy to see that, for 
any A G O c (X), there is a natural isomorphism between the a-algebras £>A mk (^x + ) 
and £>(f2^ + ). Then, by the definition of a marked Poisson measure, we get 

l aM :=L 2 (Qf,B Amk (Qf),^)^L 2 (Ql\B(Ql + ),4) 

oo 

= l 2 (^+ (n) ,B(nt(n)),4\n R A +(n)) 

n=0 

oo 

= e "" (Amk) (&-jL 2 (nl+(n),B(nl+(n)), 3? A>B ) 

n=0 

oo 

^ e -(A mk )0 L 2 (A^ k ,^), 

n=0 

where L 2 (A" k , a® n ) = (L 2 (A mk , a))® n , <g> denoting symmetric tensor product. 

We note that -^aX 71 ?) i s a subspace of 1/^,(7^) provided A C A', and the whole 
space L 2 (iTa) is the "limit" of the spaces L\(^) as A / X, i.e., each function F G 
L 2 (iTa) can be represented as the L 2 (iTa) limit of a sequence of functions Fa G L\{^) 
as A / X. 

Now, for each A G O c (X), we define a subspace i?A of £^(7^) as follows: 



00 

R A ; = e--^) m _L ( L 2 (A . (j) ^§n 

00 



n! 

71=0 



Again, for arbitrary A, A' G O c (X), A C A', we obtain the inclusion Ra C -Ra', and 
let R be the "limit" of the R\ spaces as A /* X. Evidently, R does not coincide 
with the whole L 2 {ti^) (an arbitrary function from the space 



00 

v lllk ) i: i [ V . {H . X n 



n=0 
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where Ti 1 - is the orthogonal complement of Ti in L 2 (r), will be orthogonal to all 
space R\i with A C A', and therefore to R). 

It is easy to see that, for each fixed g G (5, all spaces Ra such that K g C A are 
invariant with respect to the operator V n ~(g), and hence so is the space R, which 
concludes the proof. ■ 

As in subsec. 3.1, to any vector field v G Vo(X) there corresponds a one- 
parameter subgroup of diffeomorphisms ^, t 6 R. It generates a one-parameter 
unitary group 

V^{r t ) ^expf^J^)], tel, 

where J n ~(v) denotes the self adjoint generator of this group. Analogously, to a 
one-parameter unitary group 0", a G C^(X), there corresponds a one-parameter 
unitary group 

K s (fl t a ):=exp[ft/ BS (a)] 

with a generator I n ~(a). 

Proposition 3.3 For arayu G Vo(X) anc? a G Co°(X), the following operator equal- 
ities on the domain XFC™ (23 , ) /ioW: 

Proof. These equalities follow immediately from the definition of the directional 
derivatives V„ and V„, Theorem 3.1, and the form of the operators V n ~(i/)%) and 

y,. «>")■ ■ 

For any (v, a) G 0, define an operator 

TZ w -(v,a) := J n ,(v) + h-{a). 

By Proposition 3.3, 

We wish to derive now a commutation relation between these operators. 

Lemma 3.3 The Lie-bracket [(vi,ai), (1*2,02)] of the vector fields (vi,ai), (1*2,^2) £ 
0, ie., a vector field from q such that 

Vr/ \ / m = v. tv, t — V/ XV, X on D, 

[(t)i,oi),(t)2,02)J (vi,ai) (V2,a 2 ) (1)2,02) (fi,oi) ' 

given fry 

[(ui, ai), (n 2 , a 2 )] = (K, U2], Vja 2 - V£ai), 
where [i>i,n 2 ] ^ Lie-bracket of the vector fields v±, n 2 on X. 
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Proof. The lemma is obtained by a direct computation if one uses the following 
evident relations which hold on 2): 



v x v x 

v V i v V2 


- v x v x 

v t>2 f 1 


- v x 

V [Vl,t>2]' 


ui,u 2 e Vb(A"), 


V R +V R+ _ 
v ai v a2 


_ V R +V R+ 
v a2 v ai 


= o, 


a 1 ,a 2 GC co (X), 


v x v R+ ■ 


- v R+ v x 


- v R+ 


v e v (x), a e C °°pr). ■ 



Proposition 3.4 For arbitrary (vi,ai), (1*2,02) £ 0) the following operator equality 
holds on FC^(D,ttx + ): 

= ^r S (K,u 2 ],Vja 2 -V^o 1 ). 

In particular, 

[J*s(vi),J*s(v2)] = -iJ* s ([vi,v 2 ]), V!,v 2 G Vq(X), 
[I^( ai ),I^(a 2 )} = 0, ai ,a 2 G C °°(X), 

[J^{v),I^{a)\ = -^ CT (Vfa), „ G V (X), a G C °°(X). 

Proof. First we note that Lemma 3.3 and (3.6) immediately imply 

V (li,ai) V (l 2 ,a2) ~ V (l 2 ,a 2 ) V (li,ai) = V [(w,ai),(^2,a2)] 011 ^ C hiPi 

Therefore, by using the chain rule, we conclude that the lemma will be proved if we 
show that 

V ?i>«i) B £,« 2 ) _ v (v2,a 2 )- B S,oi) = B [(li, ai ),(v2,a 2 )] ^af-a-e. (3.21) 
But upon the representation 

*(?.)(<") = <v£^log? + div*T; + a,a;), 

we easily derive (3.21) again from Lemma 3.3. ■ 

Thus, the operators 1Z n ~(v, a), (v, a) G 0, give a marked Poisson space represen- 
tation of the Lie algebra of the group 0. 

4 Intrinsic Dirichlet forms 
on marked Poisson spaces 

4.1 Definition of the intrinsic Dirichlet form 

We start with introducing some useful spaces of smooth cylinder functions on Q x + 
in addition to JFC£°(2), Q x + )- By JFP(I), f2 x + ) we denote the set of all cylinder 
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functions of the form (3.5) in which the generating function g F is a polynomial on 
R N , i.e., g F G V(R N ). Analogously, we define ^C~(S),fiJ + ) where f F G C™(R N ) 
(:=the set of all C°°-functions / on R N such that / and its partial derivatives of 
any order are polynomially bounded). 
We have obviously 

^C b °°(D,fix + ) C ^C p °°(D,^ + ), 
TV{^,Vl\ + ) c ^C~(2),Qj + ), 

and these are algebras with respect to the usual operations. The existence of the 
Laplace transform £ n ~(f) for each / G Cq^(X x R + ) implies, in particular, that 

Definition 4.1 For F,G G jFCp°(2), we introduce a pre-Dirichlet form as 

C„(F,G)= I (\pF{u) y \pG{u)) ^^{du,). (4.1) 

Note that, for all F G .FC£°(3), fij + ), the formula (3.9) is still valid and therefore, 
for F = g F {( Vl) •),..., {<p N , •)) and G = g G ({^, •),..., (£ M , •)) from ^(D, ^ + ), 
we have 

(V n F(u),V n G(u;)) TUnl+) = 



N M 



X 

V M 



j=l k=l 3 

x((V XxM +^,V XxM +6)t ( xxr + )^). (4.2) 



Since for </?, £ G 3D, the function 

= (V x tp(x, s), V x £(x, s)) Tx(x) + V M Mx, s)V M+ £(x, *) 
belongs to Co,b(A x R + ) (see (3.4)), we conclude that 

(V^(-), V n (.)> T(n ^ ) G ^(^), F,G E ^(D,^ + ), 
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and so (4.1) is well denned. 

We will call the intrinsic pre-Dirichlet form corresponding to the marked 
Poisson measure on Q x + ■ In the next subsection we will prove the closability of 




4.2 Intrinsic Dirichlet operators 

Let us introduce a differential operator on the domain J r C^°(!9, Q x + ) which is 
given on any F e FC^i®, ^x + ) of the form ( 3 - 5 ) b y the formula 

N f) 2 n 

' E T^((^1^),...,(^,C,))((V XX ^,V XX ^) T( XXR + ),C,) 
N 



X 



/ + s 2 —<p j (x,s) 

JXxR+ 1 



+ {V XxR+ \ogq(x,s),V XxR+ ip j (x,s)} T(xMXxR+) + 2s^ 3 (x,s) uj(dx,ds), (4.3) 



where A x denotes the Laplace-Beltrami operator corresponding to V x . Since 
(V XxR+ logg, V XxR » (XxK+) e L 2 (5) ni 1 !?) 

(see subsec. 3.2, in particular, the condition (3.11)), the r.h.s. of (4.3) is well defined 
as an element of L 2 {-k^). To show that the operator is well defined, we still 
have to show that its definition does not depend on the representation of F in (3.5), 
which will be done below. 

Let us consider also the pre-Dirichlet operator corresponding to the measure a 
on!xl + and to the gradient V XxR +: 

£? xR+ (<P,t) ■= f (V XxK ^(x, S ),V Xxffi ^(^«))T^ )( xx ffi+) 5(^,d S ) 

JXxR + 

= [ [(V x ^(x, S ),V x e(^s)) T4 x) + V R ^(x, S )V R+ e(a:,s)]3 : (^,rf S ), (4.4) 

JXxR + 

where tp, £ e D. This form is associated with the Dirichlet operator 

H* xR + :=Hg + H%+ (4.5) 
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on D which satisfies 

£? xRf foO = (H? xR +<p,Z)r?w, <p, $ G D. (4.6) 

Here, if* and if- + are the Dirichlet operators of V x and V R+ , respectively. They 
are given by the formulas 

Hg<p(x,s) : = -A x V (x,s) - (V x \ogq(x,s),V x <p(x,s)) w , 
H~ + ip(x, s) : = -A R +cp(x, s) - V R+ logq(x, s)V R+ y?(^ s), (4.7) 

where 

A R + = div R + V R+ = -(V R+ )1V M+ 

f) 2 8 8 2 

= s 2 — + 2s— = s 2 — + 2V R+ . 
ds 2 ds ds 2 

The closure of the form £~ + on L 2 (tt^) is denoted by (£~ AXM +, D(S? XK+ )). 
This form generates a positive selfadjoint operator in L 2 (a) (the so-called Friedrichs 
extension of if- x + , see e.g. [6]). For this extension we preserve the notation H~ x + 
and denote the domain by D(H~ x + ). 

Using the underlying Dirichlet operator, we obtain the representation 



f) 2 F 

: = " E ^^((^i^),---,(^^))((V M +^,V x >< M ^ fe ) T( xx K+ ),a;) 

j,k=l 



N f)F 

+ E £T«^ w >' " " " ' (<Pn,<"))(H? xR+ <P S M- (4-8) 

The following theorem implies that if" is well defined as a linear operator on 
J r Cb°(S), i- e -5 independently of the representation of F as in (3.5). 

Theorem 4.1 TTie operator is associated with the intrinsic Dirichlet form 
i.e., for all F,G G ^C^(D, 

^(^G) = «F,G) L2(7r5) , (4.9) 



or 



if £ = - div£_ V n on JFC^ (D , ) • 
PFe call the intrinsic Dirichlet operator of the measure ir^. 
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Proof. For the shortness of notations we will prove the formula (4.9) in the case 
where F, G E FCg{p, are of the form 

F = g F {(ip,u>)), G = g G ({Z,u))- 

However, it is a trivial step to generalize the proof for general F, G. 

Let A e O c (X) be chosen so that the supports of the functions if and £ are in 
A mk . Then, by (4.1) and (4.2) 

°° 1 f 

lk) Y] -r / Jf^Ii si) + • • • + <p(x n , s n ))g' G (£(xi, Si) H h £(x n , s n )) 

„=i n! 



= — e 



r ™ 

X 



^V***^, S^V**^, Sl )) T(vj)( , xl4 
i=l 

oo „ n 

= e- 5(A - } £ - / ^(Vf xR+ g F (ip(x u Sl ) + ... + <p(x n , s n )), 

Til /An 

n 1 ■ /A mk i=l 

Vf xM+ 5-g(£(^i, si) H h f (ic„, s n ))) T( )(xxr+) dsi) • • • a(dx n , ds n ), 



where yf xR+ denotes the V XxM+ gradient in the (x^Sj) variables. We note that 
the vector field 

V?9f(<p(xi, si) H h <p(a; n , s n )) = ^(^(xi, si) H h <p(a; n , s n ))V x s<) 

has support in the Xi variable in A and the vector field (function) 

d 

Vf+fi-Hv^i, si) H h (p(x n , s„)) = gpfoixu si) H h ^(i„, s n ))s i —(p(x i: st) 

is bounded, while Siq(xi, Sj) is equal to zero as = and Sj = oo for m-a.a. x G X. 
Therefore, 



oo „ r n 

(^ G) = e- ?(A - k) E^t/ E 4 XXM+)! ^(v^(^i, *i) + • • • + *„)) 
„=i n - JK*. L i=i 

x#g(£ fai, si) H h $(x„, s n )) s x ) ■ ■ ■ a(dx n , ds n ) 

= -e" (Amk) E-T / E^^(^i ) si) + --- + v^(x ri ,s n ))x 

n=l JA mk L 1=1 

x (V XxR+ ^(x,, Si ), V XxR+ i f (x l , Si )> T(lj , Si) (x xR+ ) 
+ ^.(^(xi, si) + • • • + </?(xn, s n )){(V XxR+ loggfc, Si ), V XxR+ V { Xi , Si))) T{xiiti)ix 



X 
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X 



+ A x (p(x i ,s i ) + A R +(p(x i ,s i )} 

xga(£(xi, si) H h £(x n , s n )) a(dx!, dsi) ■ ■ ■ a(dx n , ds n ) 

H?F(u)G(u)**(du). M 



4+ 



Remark 4.1 The operator can be naturally extended to cylinder functions of 
the form 

FH:=eM, ^GD, Luetic, 
since such F belong to L 2 (tx^). We then have 

H 7r s e - \ H a V-|V V 5 It(Xxr+)>^) e • (4.1U) 
As an immediate consequence of Theorem 4.1 we obtain 

Corollary 4.1 (£^_ , JFC^ (D , ) ) is do sable on L?^). Its closure (Sg, D(Sg)) 
is associated with a positive definite selfadjoint operator, the Friedrichs extension of 
H^„, which we also denote by (and its domain by D(H^)). 

Clearly, V Q also extends to D(£^_). We denote this extension by V n . 

Corollary 4.2 Let 

F(u) := g F ((ip 1 ,uj},...,(ip N ,uj}), uj G 
<p u . . . , VN G D(£* xR +), g F G CS ^). 
T/ien F G and 

(V n F)(u; x) = J2 f^«</?i, . . . , (y^, c»V XxM +y^(:r, s x ). 

j=l 3 

Proof. By approximation this is an immediate consequence of (3.9) and the fact 
that, for all 1 < i < N, 

J (\V x * K + Vl \ 2 T{XxR+) ,u)n~Muj) =£~ XxM+ (^)- (4.12) 

Remark 4.2 Let [i v ^ G .M2(^x + ) t» e given as in (3.16). Then, by Theorem 3.2, 
(ii)=>(i), all results above are valid with \x v ^ replacing ir^. By (4.8) we have 

H l = H t, on^(D,^ + ). 

We note that the r.h.s. of (4.8) only depends on a and the Riemannian structure of 
IxR + . The respective Friedrichs extensions on L?(ii v ^) again denoted by H^_, 
however do not coincide. 
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4.3 The heat semigroup and ergodicity 

The results of this subsection are obtained absolutely analogously to the correspond- 
ing results of the paper [4], so we omit the proofs. 

For ^ G M 2 (tt R+ ) let T£_(t) := exp(-t^), t > 0. Define 

E(^, <4+) = 1. h. { exp((log(l + tp), •)) | tp G 2)i }, 

where l.h. means the linear hull and 

Di := { y? G D(H~ xR+ ) n L 1 ^) | #* x % G L 1 ^) 

and — <5 < < for some 5 G (0, 1) }. 

Proposition 4.1 Let [x v ^ be as in (3.16). Assume that H~ xR+ is conservative, i.e., 

[ (H~ xR+ p)(x, s) a(dx, ds) = 

JXxR + 

for all if G D{H~ xR+ ) fl -^ 1 (3 : ) such that H~ xR+ p G and suppose that 

( y H~ xR+ ,D) is essentially selfadjoint on L 2 {a). Then 

Tl_{t) exp((log(l + <p), •)) = exp((log(l + e~ tH ^ \p), •», y? G ©i, (4.13) 

^1,*)CB(C), 

tf£_exp(<log(l + </?),.>) 

= ((1 + ipy^H^ip, •> exp((log(l + ¥>),•», G 

Remark 4.3 (i) The condition of selfadjointness of H~ + on D is fulfilled if X is 
complete and \P' 7 \t(Xxr + ) £ -^f oc (^ m ) ® -^ P (^+> ^) f° r some p > dim(X) + 1. 

(ii) Since (exp(— tH~ xR+ )) t>0 is sub-Markovian (i.e., < exp(—tH~ xR+ )p < 1 
for all t > and p> G L 2 (a), < (p < 1), because is a Dirichlet 

form, by a simple approximation argument Proposition 4.1 implies that the equality 
(4.13) holds for t > and all up G L\a), -l<ip<0. 

Theorem 4.2 Let £/je conditions of Proposition 4.1 /ioW. TTien -E(3)i, Q x + ) is 
an operator core for the Friedrichs extension Hj} _ on L 2 (p, v ^)- {I n other words: 

{H^ , E(D 1 , fi x + )) is essentially selfadjoint on L 2 {[i v ^).) 
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Theorem 4.3 Suppose that the conditions of Theorem 3.2 and Proposition 4.1 hold. 
Then the following assertions are equivalent: 

(i) ji v ^ = 7T z z for some z > 0. 

(ii) (£^_,D(£^_)) is irreducible (i.e., for F e D(£^_), £^_(F,F) = implies 
that F = const). 

(iii) (T^_(t)) t>0 is irreducible (i.e., if G G L 2 (^) such that T^_(t)(GF) = 
GT^_(t)F "for all F G L°°(fi u ^), t > 0, then G = const). 

(iv) If F e L 2 (fi u ^) such that T^_(t)F = F for all T > 0, then F = const . 

(v) T9 v (t) ^ 1 and ergodic (i.e., 

T£ _ (t)F- J F dn Ut ^j dn Vt a -> as t -> 

for all F e L 2 (fi^)). 

(vi) If F E D(Hjl_) with Hjl_ = 0, then F = const . 

Remark 4.4 Let us consider the diffusion process M on X x R + associated to the 
Dirichlet form (£~ XK+ , D(£~ XK+ )). This process can be interpreted as distorted 
Brownian motion on the manifold X x R + . More precisely, the diffusion of points 
x G X is associated to the Dirichlet form of the measure a, so that it is distorted 
Brownian motion on X. The diffusion of marks s x , x G X , can be obtained by the 
exponential change of time M. 3 t i— > C^t = e* = s G R+ in the distorted Brownian 
motion on R associated to the Dirichlet form of the measure C*p(x, •). This follows 
from the representation (4.4)-(4.7) of the Dirichlet form £~ + and Remark 3.1. 

The existence of a diffusion process M corresponding to the Dirichlet form 
(£p ~, D(£a ~)) and its identification with the independent infinite particle process 
(on X x R + ) may be proved by the same arguments as in [4]. By analogy with the 
case of the process M on X x R + , one can call M distorted Brownian motion on 

nf. 

5 Intrinsic Dirichlet operator and second quanti- 
zation 

In this section, we want to describe the Fock space realization of the marked Poisson 
spaces and show that H% is the second quantization of the operator H~ xR+ . 

5.1 Marked Poisson gradient and chaos decomposition 

Let us define another "gradient" on functions F : — > R, which has specific useful 
properties on the marked Poisson space. 
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Definition 5.1 For any F G JFC£°(IX), £l x ) we define the marked Poisson gradient 
V MP as 

(V MP F)(cu, (x, s)) := F(uj + e {x , a) ) - F(u), to G tt x \ (x, s) G X x R + . 
Let us mention that the operation 

+ £ (:r,s) G 

is a 7T5-a.e. well-defined map because of the property 

1T ~({uj = ( l ,s)en R x + \xe l })=0 

for an arbitrary x G X (which easily follows from the construction of n^). We 
consider V MP as a mapping 

v mp . jfc~(S), S]5 + )9Fh V mp F g L 2 (5) ® L 2 (tt 5 ) 

that corresponds to using the Hilbert space L 2 (cr) as a tangent space at any point 
uj G Thus, for any tp G 2), we can introduce the directional derivative 

(Vj p F)M = (V MP fM^)^P) 

= / (F(w + £(3.,,)) - F(u))(p(x,s)a(dx,ds). 

JxxR+ 

The most important feature of the marked Poisson gradient is that it produces 
(via a corresponding "integration by parts formula") the orthogonal system of Char- 
lier polynomials on (Q x + , B(Vl x + ), 715). Below, we describe this construction in detail 
using the isomorphism between L 2 (tx^) and the Fock space (see [13, 18, 23]) 

Let F(L 2 {g)) denote the symmetric Fock space over L 2 (a): 

oo 

HL 2 {°)) :=0^(L 2 (5))n!, 

7Z=0 

where 

F n (L 2 (a)) := (L 2 (a)f n = L 2 ((X x R + ) n ,a® n ) 
and ^o(L 2 (a)) := R. Thus, for each F = (/ {n) )£° =0 G F(L 2 (a)) 



\ F \\ 2 F{L*{a)) ~ ^2 I/^Il^S®") 71 " 



n=0 



By ^ r fi n (25) we denote the dense subset of jF(L 2 (cr)) consisting of finite sequences 
(f (n) )n=oi n e Z +> such that each f (n) belongs to F n (T>) := a.D §n , the ra-th sym- 
metric algebraic tensor power of 3): 

a.D m := 1. h.{v?!§ • • • | ipi G £}. 
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In virtue of the polarization identity, the latter set is spanned just by the vectors of 
the form p m with ip E D. 

Now, we define a linear mapping 

N 

JinCD) 3 F = (/^)t » IF = (IF)(u) = ^Qn(/ (n) ;c) e FV(V,{f x + ) (5.1) 

n=0 

by using the following recursion relation: 

Q n+1 (^ n+1) ;uj) = Q n (tp*»;u,)((u>,(p) - (ip)j) 

- nQ n (^"-^(^, W ) - nQ n _ 1 (/ n - 1 ); W )(^ 2 > ?) 

Q (l,w) = l, (5.2) 

Here, we denoted by {(p)z := J pda. Notice that, since D is an algebra under 
pointwise multiplication of functions, the latter definition is correct. 

It is not hard to see that the mapping (5.1) is one-to-one. Moreover, the following 
proposition holds: 

Proposition 5.1 The mapping (5.1) can be extended by continuity to a unitary 
isomorphism between the spaces jF(L 2 (a)) and L 2 (ti^). 

For each p e D, let us define the creation and annihilation operators in jF(L 2 (a)) 

by 

a + (<p)ip® n = <p®ip® n , a-(<p)ip® n = n(^)L^)^ (n - 1} , ip eD. 

We will denote by the same letters the images of these operators under the 
unitary I. 

Proposition 5.2 We have, for each p e D, 

*-(¥>) = Vf, a» = Vf\ 

In particular, 

Q n ( Vl ® ■ ■ ■ ®p n , U ) = (V^ p * • • • V^ p *l)H, ueQ x + . 
Finally, for each ip e 3) we introduce the Poisson exponential 



where 



n! 

n=0 



Exp y> = I — p® n 

n] ' „=o 



Then, one can show that, for p > —1, 

e(<p;u) = exp [(log(l + <p),u) - {(p)*], u E tl x + . (5.3) 
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5.2 Second quantization on the marked Poisson space 

Let B be a contraction on L 2 (a), i.e., B e C(L 2 (a), L 2 (a)), \\B\\ < 1. Then, we can 
define the operator Exp_B as the contraction on jF(L 2 (cr)) given by 

Exp B \ F n {L 2 {a)) := B(g)---(g)B (n times), n E N, 
Exp 5 t WV)) := 1. 

For any selfadjoint positive operator A in L 2 (a), we have a contraction semigroup 
e~' A , t > 0, and it is possible to introduce a positive selafadjoint operator rfExpA 
as the generator of the semigroup Exp(e~ M ), t > 0: 

Exp(e~' A ) = exp(-trfExpA). (5.4) 

The operator dExpA is called the second quantization of A. We denote by H^ v 
the image of the operator dExpA in the marked Poisson space L 2 {ti-^). 

Theorem 5.1 Let D C DomA. T/ien, t/ie symmetric bilinear form corresponding 
to the operator H^ P has the following representation: 



(H A F,G) L 2 {7T7t) = 




for allF,Ge ^P(S),^ + ). 

Remark 5.1 The bilinear form (5.5) uses the marked Poisson gradient V MP and a 
coefficient operator A > 0. We will call 

^a(F,G) = f R+ (V MP F,AV MP G) L , Ca) n~ a (du) 
the marked Poisson pre-Dirichlet form with coefficient A. 

Proof of Theorem 5.1. The proof is analogous to that of Theorem 5.1 in [4]. Us- 
ing again the fact that D is an algebra under pointwise multiplication, one eas- 
ily concludes that, for any F E JFP(D, f2^- + ) and any u £ the gradient 
V MP F(w, (x, s)) is a function in D and hence 

(V MP F, AV MP G) L2{ ~ a) e FV(V,nf), 

so that the form (5.5) is well-defined. Then, one verifies the formula (5.5) by using 
Propositions 5.1, 5.2 and the explicit formula for dExpA on J-" n (2D): 

d Exp A y? 0n = n{Auo)®^ n ~ l \ up e ID. ■ 
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5.3 The intrinsic Dirichlet operator as a second quantization 

The following two theorems are again analogous to corresponding results (Theo- 
rems 5.2 and 5.3) in [4], so we omit their proofs. 

Let us consider the special case of the second quantization operator d Exp A 
where the operator A coincides with the Dirichlet operator H~ 

Theorem 5.2 We have the equality 

TjMP TjCi 

H H XXR + ~ 

a 

on the dense domain J r C^ 3 (D, In particular, for all F,G E JFC^°(D, 

/ <V n FH, V n GH) Tw(Q » +) n^du) 



J Vl v 



or 



as an equality on jFCp°(2), 



Theorem 5.3 Suppose that the operator H~ x]k+ is essentially self adjoint on the 
domain D C Dom(H~ xR+ ). Then, the intrinsic Dirichlet operator is essentially 
selaf adjoint on the domain JFC£° (S), Q R+ ) . 

Remark 5.2 Notice that in Theorem 5.3 we do not suppose the operator H~ xR+ 
to be conservative. So, this theorem is a generalization of Theorem 4.2 in the special 
case where n v $ = n^. 

Corollary 5.1 Suppose that the condition of Theorem 5.3 is satisfied and let T^ 2 (t) = 
exp(—tH^_), t > 0. Then, for each ip E Q, <p > — 1, we have 

O)exp(<log(l +¥ 0,.>) = exp [(log(l+e- t < XR V),-)-((e- t < X " + -l)^ 5 ]. (5.6) 

Proof. The formula (5.6) follows from Proposition 5.1, (5.3), (5.4) and Theorems 5.2 
and 5.3. ■ 

Remark 5.3 If H~ xR+ is conservative, then 



e -*< xR+ _ i)^ da = for all t > 0, 



and so in this case (5.6) coincides with (4.13) for ip ED, ip > —1. 
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6 Appendix 



We will prove now the part (i)=^(ii) of Theorem 3.2. To this end, we present first 
some definitions and reformulation of known statements. 
For any T G B(X) and cu G , denote := fl T. 

Definition 6.1 For A G O c (X), we define for oo G and A G B(n^ + ) 

ni mk (^,A):= [ l A (^ (AA)mk +^ mk )7r 5 (^'|iV Amk (.)=^(A mk )). (6.1) 

A probability measure // on £>(f2^- + )) is called a canonical Gibbs measure for 

the free case if 

/i(A)= f nl mk (^,A)/i(^). 

Jn x + 

Let Q c {a) denote the set of all such probability measures. 

For A G O c {X) denote by £>(x\A) mk (^x + ) the 0"-algebra generated by the a- 
algebra z3(x\A) mk (^x + ) an d the mappings A^A mk - Then, one easily deduces the fol- 
lowing proposition. 

Proposition 6.1 A probability measure fx on (&^ + , £>(f2^ + )) belongs to G c (&) if and 
only if for each bounded measurable function G on 

E,[G|^ ( x\A )mk (^ + )]=nI mk G /i-a.e. 

IR. 

Here, for a sub-a -algebra E C B(Q X + ), E M [- | E] denotes the conditional expectation 
w.r.t. ji and E and 

The following theorem, which is in fact due to [24], see also [10] and [22], can be 
obtained from the original one by a simple modification of the proof. 

Theorem 6.1 Let n be a probability measure on ,B(fl x + )). Then, /x G G c (&) 
if and only if there exists a probability measure v on (R + , £>(R + )) such that 
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Hence, by virtue of Proposition 6.1 and Theorem 6.1, it suffices to show that if 
fj, E (IbP) a then for /i-a.e. oo E 

E,[F|^ A)mk ]H=5(A mk )- w(A - } x 

x/ •••/ F ( £ (*i,si) + ---+ £ (^A mk) A^^ 

(6.2) 

for all bounded £>A mk (fi^- + ) measurable functions F: — > R + and all A E O c {X). 
Here, the r.h.s. of (6.2) is understood to be equal to F(0) if uj(A mk ) = 0. So, fix 
AeO c (X). 

Claim. Let g = (v,a) E V (A) x C (A), let K ly . . ,K M be arbitrary sub- 
sets of (X \ A) mk from B C (X x R + ), and let tfi,...,tp N E C^ b (A mk ). Let G : = 
g G (N Kl , N Km ), F := g F ({<p 1: •),..., (<p N , •)) with g G E C^(R N ), g F E C^(R M ) 
and n E N. Then 

y Gl {NA^=n}^%,a) F f^ = - j Gl {N A ^=n}BH a) F d^. 

To prove the claim, for / G N, 1 < m < M, we choose functions Xh Xmi £ 
C^(X x R + ) taking values in [0, 1] such that 

a) X/ = 1 on a neighborhood of K g (see Section 2), xi < lA mk) an d X; — > lA mk as 
/ — > oo. 

b) Xm« = 1 on if m , Xm« = in a neighborhood of K g , and XmZ -> as / -> oo. 
Furthermore, let <? G C£°(M) be such that l{ n } < g < l] n _i n+ i[. Then, for every 

ujeQx + 

Gi(u) :=gG((Xu,w),---,(XMi,u)) = G(uj) 

and 

01 M ■= 9({XI,U)) = VA mk ="}H 

for all / > Uu). Moreover, for all I E N, 1 < m < M, we have that Vf X f + Xz = = 
Vj X a ) + Xmi- Hence, 

Consequently, since /x G (IbP) CT , 

| Gl {A , Amk=n} Vf M Frf/i = z hm | G^V^Fd,. 
= - lim | foV^G, + G,Vf^)^ + | Gj^FS^ dp 
= -jGl {NAmk = n} FB- :a) dv, 
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and the claim is proven. 

The claim immediately implies that for F and (v, a) as in the claim 



^[Vf„, a) F | £ ( x\A )ml M + )] = -^[B^ a) F | £ ( x\A )ml M + )] />a.e. (6.3) 

Now, set Ai := A mk and pick A^ G B C ((X \ A) mk ), i G N, « > 2, closed under 
finite intersections such that 

T:=(7V Ai ). eN :fiJ+^Z- 

generates i3(x\A) mk (^x + )- Disintegrating /x w.r.t. T, there exists a probability kernel 
/I:Z™x B(n* + ) -> [0, 1] such that 

A* — A^fe duj)(fj, o T _1 )(cin), (6.4) 

i.e., j2(n,du) is a regular conditional probability corresponding to E M [- | T = n], 
n G Z+ . From now on all statements depending on n below are meant as statements 
which are true (/i o T _1 )(<in)-a.e. It follows from (6.3) that 

J Vf„, a) FH du) = -J (Pl a) , u)F{u) £(n, dw) (6.5) 

for all (v, a) and F as in the claim. Furthermore, since clearly jl(n, duj) is supported 
by {T = n} and since for n e N {w C A mk | c<j(A mk ) = n} is isomorphic (as a 
measurable space) to A^ k / @„, there exists a probability measure on A™ k invariant 
under ©„ such that for all positive £>(f2^- + )-measurable functions G on f2 R+ 

/ G(uj)Jl(n,duj) = G(^e {xk)Sk) + u { x\A) mk ) Vn{dx 1 ,ds 1 ,...,dx n ,ds n ), (6.6) 

ml fe = l 

where n = ( n , ^2, ^3, • • • ) and ^(x\A) mk is the unique element in ^oaa) k sucn that 
^(x\A) mk (^4«) = ft-i for all i > 2. By the invariance under ©„, it suffices to deter- 
mine Hn on just one of the n\ connected components of A" k . Let A" k denote this 
component. Hence, it suffices to determine /i„ on M := iA mk x • • • x „A mk C A" k , 
jA, 1 < i < n, pairwise disjoint open subsets of A. Therefore, by Lemma 3.2 and 
a simple disintegration argument, it is enough to show that, for all ipi G C^,(iA mk ) 
and all (vi, a«) G Vo(jA) x C (jA), 1 < i < n, 

J (p 1 (x 1 , Si)--- (V XxR+ v?i, (vi, ai)) XxR+ (xi, Si)--- (x n , s n ) nJydx^ ds u dx n , ds n ) 
= - J (3( Vitai) (pi(x 1 , si) • • • (p n (x n , s n ) nJydxx, ds u dx n , ds n ). (6.7) 
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Because then by Lemma 3.2 we see that /i„ is up to a constant equal to o n on 
iA mk x • • • x n A mk , hence since /z„ is a probability measure on A" k , it follows that 

Hn = a(A mk )~ n <j n , 

and (6.2) follows then from (6.4) since the case n = is trivial. To show (6.7) we 
fix % E {l,...,n}. Choosing F in (6.5) so that F := Yl^iifji') on i 00 c ^ mk | 
^(A m k) — n}, we conclude that 

Hence, by (6.6) 




)) Unidxt, ds u dx n , ds n ). (6.8) 

j'=i 

Since both integrals are invariant under & n , (6.8) also holds if we inly take the 
integrals over A" k . But then (6.8) directly turns into (6.7), since ipi, Oj have 
support in Aj, 1 < i < n, which in turn are pairwise disjoint. ■ 
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